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1. Introduction 



In the recent study of noncommutative gauge theories, the open Wilson lines play an 
important role. They are used to construct gauge invariant operators |l],|2]||[||] , an d also 
appear in the couplings between open and closed string modes The correlation 

functions of open Wilson lines are studied in []3|, [T0|JTT| , |T2 1 . 



In the expansion of an open Wilson line as a power series of the noncommutative 
gauge field, there appears the so-called generalized star products f[3|] . These products also 



appear in the scattering amplitudes of string theories and noncommutative field theories 
T^ , [l5| , p!6|JT^ , |T8| , p!9[1 . In [p0|)|l3i , open Wilson lines were used to construct the Seiberg- Witten 



map which relates the commutative and noncommutative gauge fields ||21|| . In this map, 
there also appears the structure of the generalized star products. 

In this short note, we consider an open Wilson line as a momentum representation of a 
boundary state describing a L>-brane in a constant S-field background. Using this picture, 
we study the Seiberg- Witten map and determine the products of fields which appear in 
the general terms in the expansion of this map. 

This paper is organized as follows: In section 2, we review the open Wilson lines from 
the viewpoint of boundary state. In section 3, we show that the generalized star products 
can be written as correlation functions on S 1 . In section 4, we construct the Seiberg- Witten 
map up to 0(A 3 ) from the gauge equivalence condition and compare this result with that 
obtained from the open Wilson line. Section 5 is devoted to the conclusion and discussion. 

2. Open Wilson Lines from Boundary State 

In this section, we review how open contours appear in gauge invariant objects in 
noncommutative gauge theories from the viewpoint of boundary state. Let us consider 
a gauge theory on noncommutative R n , which is defined by the algebra 

[x\x J ]=i6 ij . (2.1) 

On this space, the open Wilson line W{k) is defined by 

W(k) = Trexp (-ih(x l + 6 ij A 3 )^j (2.2) 

where A is the noncommutative gauge field and the product of fields is taken by the star 
product 

/*,-/«p(i&"*)». (2.3) 

1 



In the boundary state formalism, W(k) can be written as an overlap between the closed 
string tachyon \k) and the boundary state \B) describing a D-brane in a constant S-field 
background |f22| : 



W(k) = (k\B) = J [dx] exp (i J da^B^x 3 - k^x* + ij Ajfj . (2.4) 
9 and B are related by 

= ~. (2.5) 

The closed string configuration x(a) is parametrized by a G [0, 1]. 

We can consider the general Wilson line which is the overlap between \B) and the 
closed string momentum eigenstate: 



(P(a)\B) - TrPexp ( -h / daPi(a)(x l + 6 lJ A 
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* 



J [dx] exp (i da^x l B tJ d a x J - P^x* + 6 ij 'Aj) \ , 



(2.6) 



where P denotes the path ordering. 

At first sight, it seems impossible to obtain the open contour from the boundary state 
which is an element of the Hilbert space of a closed string. As shown in the open 

contour does appear when we write the exponential in (^2|) as a product of small segments 
and move the factor e~ lkx to the leftmost. In the rest of this section, we shall rederive this 
result from the path integral formalism. To do this, we should carefully treat the boundary 
condition of the integration variable x(a). First we write (P(a)\B) as 



(P(a)\B) = j dx Q {x \Pe- 1 ^ d<jP{a){x+e2) \x ) 
= y"cfeo(£ + y(l)|e- in(1)y(1) P^ 



(2.7) 



where IT is the conjugate momentum of x. Here we introduced an arbitrary path y(a) 
which may or may not be open at this stage. We can rewrite ( |2.7|) as a phase space path 
integral with constraints: 



(P(a)\B) = J [dHdx open )6(Xi) det Hxi.Xj} 

■ exp (i daU^x^ - P,(< pen + d^Aj) - ff 



f2J 



The constraints are given by 

Xl = n, + ^B ijX i pen , (2.9) 

which are the second class: {xi, Xj} — B-ij ^- The boundary condition of x op en is specified 
by 

(l)-x open (0)=y(l)- 2 /(0). (2.10) 



x 



open 



Integrating out IT, (P(a)\B) becomes 



[P(a)\B) = [ [rfXopen] exp U [ do-^open^J^^pen ~ P *( X open + ^A?) 



+ -^M l Bijxl pen ] 

In this expression, the contour y(cr) is arbitrary. In the case d a y = 6P, by shifting the 
variable x ope n to x + y, (P(a)\B) can be written as 

(P(a)\B) = [ [dx] exp (i [ da\x % B l3 d a x^ - \y'B l3 d a y^ 

Aperiodic \ JO " ^ 

+d a (y l B ljX i) + d a y%{x + y)) (2.12) 

= e ~ 1 ^ ^ ylB%jd ° yJ Tre- ipx Pexp (i dad a y l A,{x + y) \ . 

In the last step, we used the relation 

y(l)-y(0) = / d a y = 9p, (2.13) 
Jo 

where p is the center of mass momentum of closed string 

p = [ daP(a). (2.14) 
Jo 

In summary, the open contour appears in the y-space which is defined by 

d a y\a) = 6^P J {a). (2.15) 

This is the same relation as the T-duality except for the factor of 6. Therefore, we can 
understand the appearance of open contour as the winding mode which is T-dual to the 
center of mass momentum. Note that the straight open line corresponds to the momentum 
P((j) without non-zero modes, or the closed string tachyon \k) (see [Q for the recent 
discussion). 



1 For the BRST quantization of this system and its relation to the Seiberg-Witten map, see 



[23]. 



3. Generalized Star Product 



In (T^,^0[, it was shown that the generalized star products appears when we expand 
the open Wilson lines. In the path integral representation, the generalized star product 
can be written as a correlation function of exponential operators on S 1 : 



S(k - V k a ) J n (h, . . . , k n ) = ( e"* 1 dakx[a) IT f da a e ik ^° 

\ a=l J 



(3.1) 



Here, the expectation value is defined by 

' O 



1 



[dx]Oexp ( i J da-x l Bijdo-x J 



(3.2) 



'periodic 

The factor S(k — Y2 a ^a) i n (|3.1|) comes from the integral over the zero-mode of x(a). The 
non-zero mode x(a) of x(cr) is defined by 

(3.3) 

(3.4) 

(3.5) 
(3.6) 



.r{cr) = ;r :r((T), j dax(a) = 0. 

The propagator of non-zero mode of x on S 1 should satisfy 

-iB lk d 1 {x k {a 1 )x^{a 2 )) = 5{ [s(a u a 2 ) - 1 
The solution of this condition is 



where a± 2 = o\ — o 2 and 



(x(a 1 )x(a 2 )} = ~-0r(a 12 ) 



r(a) = 2a- e(a). 




Fig. 1: Graph of r(cr) 
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r(cr) in (|3.6| ) is denned on the region — 1 < a < 1. We can extend r(cr) to the outside 
of this region with periodicity 1. As a Fourier series, r(a) can be written as 

2 °° 1 

t((t) = > - sin(27rna). (3.7) 



J n in ( |3.1|) is the correlation function of non-zero modes, which is written as [13 

J„(fci, • • • , k„) = TT / rfa a exp ( ~ ^ k a 9k b T(a ab ) . (3.8) 

a=l" / ° \ a<& / 

We denote the product determined by J n as (fx, ■ • • , f n )n- Note that this product is totally 
symmetric. 

By inserting 



n-l „i 

1 = II / ds an 5(s an - r(a an )) 

a=l 



and integrating over a a (a = 1, • • • , n — 1), J n can also be written as 

n— 1 r i 



a=l x \ a<b 

where s ab (a, b ^ n) is given by 



J n is known to satisfy the following descent relation 



In the position space, this relation can be written as (e.g. for n = 2, 3) 

i9 kl (d k f,di9) = [f,9U 
i9 kl d k (f, g, dih) 3 = (/, [<7, ft]*) + (<7, [/, ft]*), 

where [f,g]* = f*g-g*f and (/, #) = (/, #) 2 . 



(3.9) 



= II y rfs an exp ( ^ ^ k aOk b S ab j (3.10) 



•s„„ = 7- ( " an 2 S6n ) . (3.l:i ) 



1 n 71-1 /l \ 

— ^ ^ k a 6k n J n (k\, • • ■ , /c n ) = ^ ^ sin ( —k a 6k n J J n —i(k±, ■ ■ ■ , /c a + /c n , ■ • • , /s n _i). (3.12) 

a=l a=l ^ ' 



(3.13) 



4. Seiberg-Witten Map and Generalized Star Product 



In this section, we consider the Seiberg-Witten map from the viewpoint of the gauge 
equivalence condition |2T| and the two descriptions of an open Wilson line [p2| , |24 . 
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4-1. Seiberg-Witten Map from Gauge Equivalence Condition 

First we consider the Seiberg-Witten map as the correspondence between commutative 
and noncommutative gauge transformation. To construct the map, it is more convenient 
to see this map as the correspondence of two BRST transformations. The nilpotent BRST 
transformation associated with commutative gauge transformation is 

5Ai = diC, 5c = 0. (4.1) 

For the noncommutative case, the BRST transformation is given by 

5A t = d{c- i[A h c]+, Sc= |[c,c]*. (4.2) 

c and c are ghost fields for commutative and noncommutative gauge symmetries, respec- 
tively. Here, the commutator of the general fields /, g with ghost number |/|, \g\ is defined 
by [/, g]+ = f*g — (— l)'^" 5 ^*/- Note that [c, c]* does not vanish since c carries the ghost 
number 1. 

We can construct the Seiberg-Witten map as a power series in A: 



A = A+J2 A(n) = MA) 

n=2 

oo 



oo 

c = c 

n=l 



n - (4.3) 



where the superscript n denotes the order of A. First, let us consider the map for ghosts. By 
equating the terms of the same order in A, the relation 5c = i[c, c]*/2 can be decomposed 
as 

5c^ = l -[c,c]* = - l -e k \d k c,d l cl 

2 2 (4.4) 

5cW=i[c,c(%. 

Here, we used the relation ( |3.1ij| ). By "integrating" this relation, we find that c^ 1 ) and c^ 
are given by 

c^ = -le kl (A k ,dic), 

? (4-5) 
c (2) =--9 kl d mn (A k ,d m c,d l A n ), 

where ( ) is defined by 

(/, g, h) = (f, (g, h)) + (g, (f, h)) - (f, g, h) 3 . (4.6) 
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This product is symmetric in the first two arguments: (/, g, h) = (g, f, h). Now we consider 
the map for gauge fields. The equations satisfied by and are 



8Af ] =d iC ^ -i[A h c]^ 
SAf^d^-i^^-iiA^ 



(4.7) 



The solution for these conditions is found to be 
4 2) =-\e kl {A k ,diA i +F u l 



^(3) _ ^_nklnmn 



(A kl d m A h diA n ) + (A k 

Fin) 



(4.f 



2 

4-2. Path Integral Derivation of Seiberg-Witten Map 

In this subsection, we derive the Seiberg-Witten map from the open Wilson line in 
commutative and noncommutative pictures. We will see that the map obtained by this 
method agrees with that in the previous subsection. The relation between A and A can 
be written as 

W(A) = W(A) (4.9) 

where 

W(A) = (exp ( -ipx(0) +i / daA i (x + y)d <T y i )\, 

X V J \ J/ (4.10) 

W(A) = ^exp (^-ipx(0) + i J daAi(x + y)d a (x i + \ . 

As discussed in [^3] , Seiberg-Witten map can be extracted from ( |4.9| ) by expanding the 
exponential and equating the term with single a-integral. The term with single cr-integral 
in W(A) is 

/•i 

dad^Aiipy™^. (4.11) 



Jo 



The corresponding term in W(A) has the form 



„1 oo 

i / dad a y l S"A l ( l \p)e ipy ^ ) (4.12) 
J o n=l 

where A^ is the n-th order term of A. Let us compute the first three terms of this 
expansion. As easily seen, A^ is equal to A. A^ is found to be 

A?\p) = ~\e kl J dhdk 2 d(p -h- k 2 )I 2 (kx, k 2 )A k {ki){diAi + F h )(k 2 ) (4.13) 



where I 2 is given by 



h(ki, k 2 ) 



dai5(ai 2 ) exp ( -k 1 9k 2 T(a 12 ] 



(4.14) 



The factor 5 (a 12) comes from the contraction between d±x(ai) and x(a 2 ). By regularizing 
the 8- function as in f23 ], we find that I2 is equal to J 2 : 



h{ki,k 2 ) 



dei 2 exp ( --k\9k 2 e\ 2 ) = J 2 {k\,k 2 



(4.15) 



Therefore, ( [4.13| ) reproduces the result ( |4.8| ) obtained from the gauge equivalence relation. 
Let us consider A^ 3 \ From ( f4.10| ), is found to be 



Af\ P ) = - l -e kl e mn J Y[dk a 5(p-J2 k a)h(ki,k 2 ,k 3 ) 

a=l a 



(4.16) 



• A fc (fci) Id^ik^diAnih) + F mi (k 2 )F ln (k 3 ) + A m (k 2 )diF in (k 3 ) 
where I 3 is given by 



daxda^ia^Sia^) exp ^-^k a 9k b T(a ab ) 



3 ,1 



0=1 Jo 



a<b 
3 



(4.17) 



[ [ / dcr a 5(a 13 )5(cr 23 ) exp - ^ k a 9k b T(a ab ) 



a<b 



Here we put an extra integral over a 3 since I 3 does not depend on a 3 . To evaluate I 3 , the 
following identity is useful: 

3 ,1 



1 



a=l J ° 



J IT / da a diT(ai 3 )d 2 r(a 23 ) exp -^2k a 9k b T(a ab ) = 0. 



(4.18) 



a<6 



This identity holds due to the periodicity of r(a). Using the relation ^d a r(a) = 1 — 5(a) 
I 3 can be written as 



3 ,1 



13 = II / da a 5(a 13 )5(a 23 ) - (1 - 5(a 13 ))(l - 5(a 23 )) exp -^2k a 9k b T(a ab ) 



a=l J0 
3 ,1 



a<b 



a=l 



Y[ I da a S(a 13 ) + 5(a 23 ) - 1 exp | - ^ k a 9k b T(a ak 

a<b 



J 2 (fci, k^J^kx + fc 3 , fc 2 ) + J 2 (&2, h)J 2 (k 1 , k 2 + k 3 ) - J 3 (k x , k 2 , k 3 ). 



(4.19) 
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We can see that the product defined by I3 is nothing but (f,g,h) in ( fl6|) . Hence ( |4.16| ) 
agrees with fl4.8[). 

Although we cannot write down the tensor structure of spacetime indices i,j for the 
general term A^ n \ we can determine the form of product appearing in A^ n \ is 
associated with the integral with n — 1 5-functions. This set of 5-functions determines the 
tree graph with n vertices and n — 1 links. All the vertices should be connected by this 
graph in order for A^ to be a single a-integral term. The integral associated with the 
graph G is given by 



n „i 

I n (G) = T[ / da a 

a=l J ° 



II 8(?L t L f )- I! Q--S(°L t L f )) 



.L:link L:link 



eXp ( \ k aQhr((Tab 



2 

a<b 



= - Jn(ki, ■■•,k n )+ ^2 J z(kLi, kL f )J n -i(ki, ■ • • , k Li + k Lf , • ■ ■ , k n ) H , 

L:link 

(4.20) 

where L^Lf e {1, ■ ■ ■ , n} are the end points of L. 

4-3. Area Derivative of Open Wilson Line 

Using the boundary state picture of open Wilson lines, we can easily construct the 



field strength operator with open Wilson line attached. This operator was used in |2(J to 
construct the Seiberg-Witten map in the form A = A (A). The open Wilson line in the 
commutative and noncommutative picture is written as 



(4.21) 



(P(a)\B) = J [dx]exp jf da^B^x 3 - P,(a)^(x(a)) 

= J [dx] exp ^i J da\^x % Bijd a x 3 + A i (x)d a x' 1 — Pi(a)x % (a) 
where 

f = x i + d ij Aj. (4.22) 

By performing the "area derivative" of open Wilson line defined by 
6 S 5 S 5 

we find that 

Tr B ([<P\(j) l }e- lk ^ = Trr([x\x l }e- lkx ^ . (4.24) 

9 



Here *g and Tr^ are the star product and the trace defined by the symplectic form B. In 
the commutative side, the symplectic form becomes 



T = B + F = 9' 1 + F. 



(4.25) 



As discussed in |T3[], this relation ([4.24]) can be understood as the equivalence of star 
products: 

Tf* B Tg = T(f*rg). (4.26) 



With this operation T, (ft and x are related by 4> l = T(x l ). See | |25| j for the derivation of 
the Seiberg-Witten map from the equivalence of star products. 
The left-hand-side of ( |4.24|) can be evaluated as 



Tr B | \<.r . <;y U- 



iTr 



B 



(9 - 9F9Y J P exp [i / daA,(x + 9ka)9 l3 k j e 



-ika 



(4.27) 



The right-hand-side of ( |4.24| ) is a complicated function of F, which can be calculated in 
principle by the formula in If we neglect the derivative of F, the commutator of x 

can be written as 



1 rr-3] 



\X , X 



5 ^ i-kjr 



Of- 1 )* + OipF) =i 



1 

9- 1 + F 



tj 



+ 0(dF). 



(4.28) 



5. Conclusion and Discussion 

In this paper, we considered the open Wilson line as a momentum representation 
of the boundary state in a constant S-field background. The straight open Wilson line 
corresponds to the tachyonic particle state of closed string, and the curved open Wilson line 
appears as the coupling between a D-brane and an extended closed string. The generalized 
star products can be understood as the correlation functions of exponential operators on 
the boundary of worldsheet. The Seiberg-Witten map can be obtained by comparing the 
open Wilson line written in commutative and noncommutative pictures. The products of 
fields appearing in the Seiberg-Witten map are the combination of the generalized star 
products, and in principle the general term of the map can be determined by the rule of 
Wick contraction. 



In [p!3[ , a closed form for the expression of the ordinary field strength in terms of 
the noncommutative gauge field was proposed. Although ( f4.24|) gives the exact relation 
between F and A, it seems difficult to prove eq.(1.7) in | jP3| . 
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In ||, it was shown that the interactions between the noncommutative gauge field 
and closed string modes in the super string theory are different from those in the bosonic 
string theory. It is interesting to extend our result to the case of superstring. 

Acknowledgments 

I would like to thank N. Ishibashi for useful comments and discussions. This work 
was supported in part by JSPS Research Fellowships for Young Scientists. 



11 



References 



[1] N. Ishibashi, S. Iso, H. Kawai and Y. Kitazawa, "Wilson Loops in Noncommutative 
Yang Mills", Nucl. Phys. B573 (2000) 573, hep-th/99 10004. 

[2] J. Ambjorn, Y. M. Makeenko, J. Nishimura and R. J. Szabo, "Finite N Matrix Mod- 
els of Noncommutative Gauge Theory", JHEP 9911 (1999) 029, hep-th/9911041; 
"Nonperturbative Dynamics of Noncommutative Gauge Theory", Phys. Lett. B480 
(2000) 399, hep-th/0002158; "Lattice Gauge Fields and Discrete Noncommutative 
Yang-Mills Theory" , JHEP 0005 (2000) 023, hep-th/0004147. 

[3] D. J. Gross, A. Hashimoto and N. Itzhaki, "Observables of Non-Commutative Gauge 
Theories", hep-th/0008075. 

[4] A. Dhar and S. R. Wadia, "A Note on Gauge Invariant Operators in Noncommu- 
tative Gauge Theories and the Matrix Model" , Phys. Lett. B495 (2000) 413, hep- 
th/0008144. 

[5] S.-J. Rey and R. Unge, "S-Duality, Noncritical Open String and Noncommutative 

Gauge Theory", hep-th/0007089. 
[6] S. Das and S.-J. Rey, "Open Wilson Lines in Noncommutative Gauge Theory and 

Tomography of Holographic Dual Supergravity" , Nucl. Phys. B590 (2000) 453, hep- 

th/0008042. 

[7] S. R. Das and S. P. Trivedi, "Supergravity couplings to Noncommutative Branes, 
Open Wilson Lines and Generalised Star Products", hep-th/0011131. 

[8] H. Liu and J. Michelson, "Supergravity Couplings of Noncommutative D-branes", 
hep-th/0101016. 

[9] Y. Okawa and H. Ooguri, "How Noncommutative Gauge Theories Couple to Gravity" , 
hep-th/0012218. 

[10] A. Dhar and Y. Kitazawa, "Wilson Loops in Strongly Coupled Noncommutative 

Gauge Theories", hep-th/0010256. 
[11] M. Rozali and M. V. Raamsdonk, "Gauge Invariant Correlators in Non-Commutative 

Gauge Theory", hep-th/0012065. 
[12] A. Dhar and Y. Kitazawa, "High Energy Behavior of Wilson Lines" , hep-th/0012170. 
[13] H. Liu, "*-Trek II: * n Operations, Open Wilson Lines and the Seiberg-Witten Map" , 

hep-th/0011125. 

[14] M. R. Garousi, "Non-commutative world-volume interactions on D-brane and Dirac- 
Born-Infeld action", Nucl. Phys. B579 (2000) 209, hep-th/9909214. 

[15] H. Liu and J. Michelson, "*-TREK: The One-Loop N=4 Noncommutative SYM Ac- 
tion", hep-th/0008205. 

[16] M. Pernici, A. Santambrogio and D. Zanon, "The one-loop effective action of noncom- 
mutative Af = 4 super Yang-Mills is gauge invariant", hep-th/0011140. 



12 



[17] M. R. Garousi, "Transformation of the Dirac-Born-Infeld action under the Seiberg- 

Witten map", hep-th/0011147. 
[18] A. Kumar, A. Misra and K. L. Panigrahi, "Noncommutative N=2 Strings", hep- 

th/0011206. 

[19] Y. Kiem, D. H. Park and S. Lee, "Factorization and generalized *-products", hep- 
th/0011233. 

[20] T. Mehen and M. B. Wise, "Generalized ^-Products, Wilson Lines and the Solution 

of the Seiberg-Witten Equations", JHEP 0012 (2000) 008, hep-th/0010204. 
[21] N. Seiberg and E. Witten, "String Theory and Noncommutative Geometry", JHEP 

9909 (1999) 032, hep-th/9908142. 
[22] N. Ishibashi, "A Relation between Commutative and Noncommutative Descriptions 

of D-branes", hep-th/9909176. 
[23] I. Rudychev, "From noncommutative string/membrane to ordinary ones", hep- 

th/0101039. 

[24] K. Okuyama, "A Path Integral Representation of the Map between Commutative and 
Noncommutative Gauge Fields", JHEP 0003 (2000) 016, hep-th/9910138. 

[25] B. Jurco and P. Schupp, "Noncommutative Yang-Mills from equivalence of star prod- 
ucts", Eur. Phys. J. C14 (2000) 367, hep-th/0001032; 

B. Jurco, P. Schupp and J. Wess, "Noncommutative gauge theory for Poisson mani- 
folds" , Nucl. Phys. B584 (2000) 784, hep-th/0005005; "Nonabelian noncommutative 
gauge fields and Seiberg-Witten map", hep-th/0012225. 



[26] M. Kontsevich, "Deformation quantization of Poisson manifolds" , |q-alg/9709040 



[27] A. S. Cattaneo and G. Felder, "A path integral approach to the Kontsevich quantiza- 
tion formula" , fcath . QA/9902090| . 



13 



